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Abstract
Noncommutative U(1) gauge theory in 4−dimensions is shown to be equivalent in
some scaling limit to an ordinary non-linear sigma model in 2−dimensions . The model
in this regime is solvable and the corresponding exact beta function is found. We also
show that classical U(n) gauge theory on Rd−2×R2θ can be approximated by a sequence
of ordinary (d− 2)−dimensional Georgi-Glashow models with gauge groups U(n(L+ 1))
where L+ 1 is the matrix size of the regularized noncommutative plane R2θ.
1 Introduction
The Moyal-Weyl noncommutative space is a 0−dimensional matrix model and thus it is not a
continuum manifold . It is known that this space can be represented by infinite dimensional
matrices acting on some infinite dimensional Hilbert space [1]. The fuzzy sphere on the other
hand although it is a 0−dimensional matrix model it acts on a finite dimensional Hilbert
space [2, 9, 11, 13]. In other words the fuzzy sphere can be represented by finite dimensional
matrices .Clearly and in analogy with the continuum situation one should be able to get form
one space to the other and vice versa. However and as it turns out we have more structure in this
case since the fuzzy sphere can in fact be thought of as a regularization of the noncommutative
plane [12].
The noncommutative plane is given in terms of the algebra of the harmonic oscillator. The
coordinates on this space are given by x1 =
√
θ
2
(a + a+), x2 = −i
√
θ
2
(a − a+) , [x1, x2] = iθ.
The algebra on the fuzzy sphere is given on the other hand in terms of the generators La of
the IRR L
2
of the SU(2) Lie algebra. The global coordinates on the fuzzy sphere are defined by
xa =
RLa
|L| , [xa, xb] =
iR
|L|ǫabcxc ,
∑
a x
2
a = R
2 .
It is not difficult to argue from the above equations that the fuzzy sphere algebra is nothing
else but a deformation of the Moyal-Weyl plane algebra which results in a finite dimensional
Hilbert space [10]. Taking L to infinity reduces the fuzzy sphere to a noncommutative plane.
This cut-off is gauge invariant as one can also see from the action. U(1) gauge action on the
noncommutative Moyal-Weyl plane is given by [1]
Sθ =
θ2
4g2
TrFˆ 2ij =
θ2
4g2
Tr
∑
i,j
(
i[Dˆi, Dˆj]− 1
θ2
(ǫ−1)ij
)2
, (1.1)
1
where Dˆi is the covariant derivative define by Dˆi = − 1θ2 (ǫ−1)ij xˆj + Aˆi and Fˆij is the curvature
tensor. Tr is over the infinite dimensional Hilbert space H . This theory can be regularized by
the following finite dimensional matrix model [10]
SL,R =
R2
4g2
1
L+ 1
TrLF
2
ab =
R2
4g2
1
L+ 1
TrL
∑
a,b
(
i[Da, Db] +
∑
c
1
R
ǫabcDc
)2
, (1.2)
with the constraint [3, 4, 7]
DaDa =
|L|2
R2
, |L|2 = L
2
(
L
2
+ 1). (1.3)
The equations of motion are given by 2R[Fcb, Db] = iǫabcFab . They are solved by the zero-
curvature condition Fab = 0 which are equivalent to Da =
1
R
La . This is exactly the fuzzy
sphere [6]. Expanding around this solution by writing Da =
1
R
La + Aa leads to U(1) gauge
theory on the fuzzy sphere . The above constraint is needed to describe a 2−dimensional gauge
field and also to stabilize the fuzzy sphere solution [4]. This is also related to the fact that
a = 1, 2, 3 since the differential calculus on the fuzzy sphere is 3−dimensional. TrL is a finite
dimensional trace over the Hilbert space HL , for example Tr1 = L+ 1.
We are interested therefore in a continuum double scaling limit of large R and large L taken
together ( restricting the theory around the north pole for example ) as follows [6, 12]
R,L −→∞ ; keeping R
2
|L|2q = fixed≡θ
2 , q = real number (1.4)
The action (1.2) is seen to tend to (1.1) with a resulting effective noncommutativity
θ2eff = θ
2ξ2 , ξ2 = |L|2q−2(L+ 1) (1.5)
For q > 1
2
, ξ2−→∞ when L−→∞ and thus θeff corresponds to strong noncommutativity. For
q < 1
2
we find that ξ2−→0 when L−→∞ and θeff corresponds to weak noncommutativity. For
q = 1
2
the effective noncommutativity parameter is exactly given by θ2eff = 2θ
2. This statement
can be made precise using the coherent states approach [5].
On all noncommutative spaces it is always possible to map operators Oˆ to fields O(x) using
the so-called Weyl map. The pointwise multiplication of operators will be replaced by a star
product while traces will be replaced by ordinary integrals . For example on the noncommuta-
tive Moyal-Weyl plane the U(1) action (1.1) can be rewritten in this language as follows
Sθ =
1
4g2
∫
d2xF 2ij , Fij = ∂iAj − ∂jAi + i{Ai, Aj}∗. (1.6)
2 The Noncommutative U(1) Theory In 4−Dimensions
The action in higher dimensions is similar to (1.6). InRdθ = R
d−2×R2θ we have the commutation
relations
[xµ, xν ] = 0 , [xµ, xi] = 0 , [xˆi, xˆj ] = iθ
2ǫij , µ, ν = 1, ..., d− 2 , i, j = d− 1, d. (2.1)
2
For simplicity we are only considering minimal noncommutativity where only two spatial co-
ordinates fail to commute. In order to maintain unitarity of the quantum theory we are also
assuming that the time direction lies in the commutative submanifold . The covariant deriva-
tives in this case are given by Dˆµ = −i∂µ+Aˆµ , Dˆi = − 1θ2 (ǫ−1)ijxˆj+Aˆi and the U(1) action reads
exactly like (1.6) where the star product is now given in terms of the commutation relations
(2.1).
This action can be reexpressed back in terms of operators as follows
Sθ ≡ θ
2
4g2
∫
dd−2xTrFˆ 2µν +
θ2
2g2
∫
dd−2x
d∑
i=d−1
TrFˆ 2µi +
θ2
4g2
∫
dd−2x
d∑
i,j=d−1
TrFˆ 2ij. (2.2)
In above we have deliberately used the fact that we can replace the integral over the noncom-
mutative directions xd−1 and xd by a trace over an infinite dimensional Hilbert space by using
the Weyl Map. By doing this we have therefore also replaced the underlying star product of
functions by pointwise multiplication of operators. The trace Tr is thus associated with the
two noncommutative coordinates xd−1 and xd . The model looks very much like a U(∞) gauge
theory on Rd−2 with a Higgs particle in the adjoint of the group.
In the remainder of this section we will confine ourselves to 4−dimensions. From equation
(2.2) we can see that for each point of the 2−dimensional commutative R2 the above action is an
infinite dimensional matrix model. It can be regularized if we approximate the noncommutative
plane by a fuzzy sphere in exactly the same way as before. The regularized action reads [10]
Sθ;L =
1
4λ2
∫
d2xTrLF2µν −
1
2λ2
∫
d2x
3∑
a=1
TrL[Dµ, Da]2 − 1
4λ2
∫
d2xV (Da). (2.3)
Da are (L+ 1)×(L+ 1) matrices which are fields on R2 and satisfy
D2a =
|L|2
R2
. (2.4)
The potential term is
V (Da) = TrL[Da, Db]
2 − 2i
R
ǫabcTrL[Da, Db]Dc − 2
R4
(L+ 1)|L|2, (2.5)
while the coupling constant is λ2 = g
2(L+1)
R2
where g is the coupling constant on the noncommu-
tative space R4θ .
Fµν = i[Dµ,Dν ] , Dµ = −i∂µ +Aµ. (2.6)
Aµ are (L + 1)×(L + 1) matrices which are fields on R2 . This is clearly a U(L + 1) gauge
theory with adjoint matter , i.e the original noncommutative degrees of freedom are traded for
ordinary color degrees of freedom. The field Aµ can be separated into a U(1) gauge field aµ
and an SU(L+ 1) gauge field Aµ as follows
Aµ(x) = aµ(x)1+ Aµ(x) , Aµ(x) = AµA(x)TA. (2.7)
3
Similarly we write
Da = na + Φa , Φa = ΦaATA, (2.8)
Under gauge transformations na is a singlet while Φa transforms in the adjoint representation
of the non-abelian group SU(L + 1) . These are “scalars” with respect to the commutative
directions of R4θ = R
2
θ×R2. The abelian U(1) field aµ is found from the action to be free and
thus it can be integrated out . The non-abelian SU(L+ 1) field is seen to be defined on a two
dimensional spacetime and thus it can also be integrated out if one uses the light-cone gauge.
To this end we rotate first to Minkowski signature then we fix the SU(L + 1) symmetry by
going to the light-cone gauge given by
A− = 0⇔A1 = A2 =
√
2λA+. (2.9)
The integral over the A+ field becomes Gaussian and thus it can be easily done . It gives a
non-local Coulomb interaction between the ΦaC fields. We define
∆AB(x, y) = −δAB
2
|x− − y−|δ(x+ − y+) , fABC(∂−ΦaA)ΦaC≡(~Φa×L∂−~Φa)B
where ∆AB is clearly the propagator of the ΦaC fields and then write the final result in the form
Sˆθ;L =
N
2λ2
∫
d2x(∂µna)(∂
µna) +
1
4λ2
∫
d2x(∂µΦaA)(∂
µΦaA)
− 1
4λ2
∫
d2xd2y(~Φa×L∂−~Φa)A(x)∆AB(x, y)(~Φb×L∂−~Φb)B(y)− 1
4λ2
∫
d2xV (Φa).
(2.10)
The constraint DaDa =
|L|2
R2
can be rewritten in the form
n2a +
1
2(L+ 1)
Φ2aA =
|L|2
R2
, naΦaC +
1
4
dABCΦaAΦaB = 0, (2.11)
From the structure of this constraint and from the action we can see that the field na appears
at most quadratically. The corresponding path integral can be done exactly in the large L limit
and one obtains ( with χaA =
R
|L|
1√
2N
ΦaA ) the reduced action [10]
S¯θ;L =
1
4λ¯2
∫
d2x(∂µχaA)(∂
µχaA)− |L|
2(L+ 1)
2λ¯2R2
∫
d2xV¯ (χa) , λ¯
2 =
g2
2|L|2 (2.12)
where
V¯ (χa) =
∫
d2y(~χa×L∂−~χa)A(x)∆AB(x, y)(~χb×L∂−~χb)B(y) + TrL[χa, χb]2
− 2i|L|√2(L+ 1)ǫabcTrL[χa, χb]χc −
1
2|L|2(L+ 1) .
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The fields χaA satisfy now the constraints
χ2aA = 1 , dABCχaAχaB = −
2eaR√
2|L|2(L+ 1)χaC , (2.13)
where ea is an arbitrary constant vector in R
3 [10]. Since R2 = θ2|L|2q the overall coupling in
front of the potential V¯ behaves as
|L|2(L+ 1)
2λ¯2R2
∼ 1
λ¯2θ2
(
L
2
)3−2q (2.14)
Thus for all scalings with q > 3
2
this potential can be neglected compared to the kinetic term.
The fuzzy theory for these scalings becomes a theory living on a noncommutative plane with
effective deformation parameter
θ2eff∼2θ2(
L
2
)2q−1 (2.15)
We are therefore probing the strong noncommutativity region of the Moyal-Weyl model . The
partition function in this case is given by
Z =
∫
DJDJCei
∫
d2xJexp
(
−3
2
TRlogD
)
exp
(
− ~e2θ2|L|2(q− 32 )
∫
d2xd2yJA(x)D
−1
AB(x, y)JB(y)
)
where D(= DAB(x, y)) is the Laplacian
DAB(x, y) = δ
2(x− y)
(
− 1
4λ¯2
∂2δAB + iJδAB + iJCdABC
)
. (2.16)
At this stage it is obvious that in the large L limit only configurations where JA = 0 are relevant
and thus one ends up with the partition function
Z =
∫
DJexp
(
i
4λ¯2
∫
d2xJ − M
2
∫
d2x < x|log(− ∂2 + iJ)|x >
)
. (2.17)
This is exactly the partition function of an O(M) non-linear sigma model in the limit M−→∞
with λ¯2M held fixed equal to λ¯2M = 6g2 where M = 3(N2 − 1) = 3L(L + 2) . All terms in
the exponent are now of the same order M and thus the model can be solved using steepest
descents . For example we can derive the beta function [8]
β(gr) = µ
∂gr
∂µ
= −3
π
g3r . (2.18)
This result agrees nicely with the one-loop calculation of the beta function of U(1) theory on
the Moyal-Weyl Plane [1]. The crucial difference is the fact that this result is exact to all orders
in λ¯2M = 6g2 and thus it is intrinsically nonperturbative [8].
5
3 U(n) Gauge Theory and The Presnajder-Steinacker Ac-
tion
U(n) gauge theory on Rd−2×R2θ is given by the action
Sθ =
1
4g2
∫
ddx
d∑
A,B=1
trnF
2
AB =
θ2
4g2
∫
dd−2xTrtrnFˆ 2AB , A, B = 1, ..., d, (3.1)
with FAB = ∂AAB−∂BAA+i{AA, AB}∗ and FˆAB = ∂ˆAAˆB− ∂ˆBAˆA+i[AˆA, AˆB] . The regularized
theory can be obtained in the same way as before and one ends up with the equations (2.3),
(2.4) , (2.5) and (2.6) with the only replacement TrL−→TrN = TrLtrn. This is clearly a
U(N + 1)≡U(n(L + 1)) gauge theory which has also the interpretation of being a U(n) gauge
theory onRd−2×S2L . The corresponding action can be simplified further if one uses the following
trick due to Presnajder [14] and Steinacker [7].
The 3−matrix action SL,R given in equation (1.2) togther with the constraint (1.3) can be
derived from a much simpler 1−matrix model . To this end we introduce Pauli matrices σa and
we write the operator
Φ¯ = (
1
2
+ σaLa)⊗1n. (3.2)
This is a 2N−dimensional matrix. It is a trivial exrecise to check that Φ¯ = (j(j+1)−(L+1
2
)2)⊗1n
where j is the eigenvalue of the operator ~J = ~L+ ~σ
2
which takes the two values L+1
2
and L−1
2
.
The eigenvalues of Φ¯ are therefore L+1
2
with multiplicity n(L+ 2) and −L+1
2
with multiplicity
nL . As it turns out this matrix Φ¯ can be obtained as a classical configuration of the following
2N−dimensional 1−matrix action
S[Φ] =
1
4g2R2
1
L+ 1
TrN tr2
[
(L+ 1)4
16
− (L+ 1)
2
2
Φ2 + Φ4
]
. (3.3)
Indeed the equations of motion derived from this action reads
Φ(Φ2 − (L+ 1)
2
4
) = 0.
It is easy to see that Φ¯ solves this equation of motion and that the value of the action in this
configuration is identically zero , i.e S[Φ = Φ¯] = 0 . In general and in terms of the eigenvalues φi
of Φ this equation reads φi(φ
2
i − (L+1)
2
4
) = 0 which means that φi = 0,+
L+1
2
,−L+1
2
, i.e classical
configurations are matrices of eigenvalues 0 , +L+1
2
and −L+1
2
with corresponding multiplicities
n0 , n+ and n− respectively which must clearly add up to n0+n++n− = 2n(L+1). The action
for each zero eigenvalue φi = 0 is given by S[φi = 0] =
1
4g2R2
1
L+1
(L+1)4
16
which is suppressed in the
large L limit and thus these stationary points do not contribute in the large L limit.Expanding
around the vacuum φ¯ by writing
Φ =
1
2
+ ρ+RσaDa (3.4)
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where ρ and Da are N×N matrices will immediately lead to the action SL,R if one also imposes
the condition [7]
ρ = 0. (3.5)
Indeed we find explicitly
S[Φ =
1
2
+RσaDa] =
1
4g2
R2
L+ 1
TrLtrn
[
F 2ab + 2(D
2
a −
|L|2
R2
)2
]
, Fab = i[Da, Db] +
1
R
ǫabcDc.(3.6)
The second term in this action can be shown to implement exactly the constraint (1.3) as we
want. The U(n) action on Rd−2×S2L can then be taken ( without any further constraint ) to be
Sθ;L =
1
4λ2
∫
dd−2xTrNF2µν −
1
2λ2
∫
dd−2x
3∑
a=1
TrN [Dµ, Da]2 − 1
4λ2
∫
dd−2xW (Da) (3.7)
where the potential reads now as follows
W (Da) = −TrN
(
F 2ab + 2(D
2
a −
|L|2
R2
)2
)
. (3.8)
In terms of the scalar field Φ we can rewrite this action as follows
Sθ;L =
1
4λ2
∫
dd−2xTrNF2µν +
1
4λ2R2
∫
dd−2xTrN [Dµ,Φij]+[Dµ,Φij ]
+
1
4R4λ2
∫
dd−2xTrN
(
ΦijΦjkΦklΦli − (L+ 1)
2
2
ΦijΦji +
(L+ 1)4
16
)
. (3.9)
Recall that Φ is a 2×2 matrix where each component Φij is an N×N matrix . Under U(N)
gauge transformations each of these components transforms covariantly . In deriving the above
result we have used the Fierz identity (σa)ij(σa)kl = 2(δilδkj − 12δijδkl) as well as the constraint
(3.5) which we can write in the equivalent form
Φ11 + Φ22 = 1. (3.10)
The action (3.9) is essentially a Georgi-Glashow model with several scalar fields
Φij
R
in the
adjoint representation of the group which are restricted to satisfy the constraint (3.10). In
other words U(n) gauge theory on Rd−2×R2θeff can be approximated using a fuzzy sphere of
matrix size L+ 1 and radius R by a sequence of Georgi-Glashow models given by (3.9)+(3.10)
with increasing L and R . The gauge groups are seen to be given by U(n(L + 1)) while the
coupling constants are given by λ2∼ g2
θ2
eff
where g2 is the coupling constant on Rd−2×R2θeff . The
noncommutativity parameter on Rd−2×R2θeff is found to be given by θ2eff∼2θ2(L2 )2q−1 where
θ2 = R2/|L|2q is always kept fixed. Clearly the quantum theory depends on the way we take
the limit. We defer the study of these models to a future correspondence.
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4 Conclusion
In this article we have considered gauge theory onRd−2×R2θ . We have regularized the two non-
commuting directions by replacing them with a fuzzy sphere . This turns the noncommutative
field theory into an ordinary commutative field theory amenable to the standard techniques of
quantization and renormalization , etc. The non-trivial ingredient in this construction remains
always the definition of the limit which requires in our opinion further study . The U(1) theory
is seen in some scaling limit to correspond to an ordinary 2d non-linear sigma model thus allow-
ing us to derive the beta function of the theory . The result agrees with perturbation theory but
the question remains what happens in other scaling limits. Higher U(n) in higher dimensions
are found to be classically equivalent to a sequence of Georgi-Glashow models defined on the
commutative submanifold. Their quantum properties will however be studied elsewhere.
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